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Abstract. Fenna-Matthews-Olson (FMO) bacteriochlorophylls (BChls) are molecules respon-
sible of the high efficiency energy transfer in the photosynthetic process of green sulfur bacteria,
controversially associated to quantum phenomena of long lived coherence. This phenomenon
is modelled using Quantum Open Systems (QOS) without included memory effects of the sur-
rounding approximated as a phonon bath on thermal equilibrium. This work applies the Hi-
erarchical Equations of Motion method (HEOM), a non-Markovian approach, in the modelling
of the system evolution of the FMO complex to perform predictions about the coherence time
scales together with global and semi-local entanglement during the quantum excitation.
1. Introduction: FMO complexes and their quantum dynamics simulation
Photosynthetic bacteria have evolved to transform sun energy into biochemical energy through
physicochemical mechanisms carried out in specialized chemical structures, the FMO complex
(Figure 1), a protein structure responsible of energy transfer with a nearly 100% efficiency from
the Light Harvesting Antennas (LHA) to the reaction center (RC) in green sulphur bacteria [1].
Figure 1 shows the FMO structure with the eight inner bacterioclorophylls (BChls), their dipole
momenta and its scaffolding protein structure. Ultrafast spectroscopic studies reveal long time
quantum coherence between the electronic states of the BChls [2], a mechanism of high transfer
efficiency sampling the energy space through the excitonic superposition.
QOS theory has been applied to study such phenomena in the quantum arena through the
density matrix characterizing the energy statistical ensemble. The most common approaches,
Redfield and Lindblad master equations [3, 4] do not consider the non-markovian behaviour
of the structure protein vibrations, modeled as a phonon bath interacting with the BChls. A
more realistic model should consider the bath relaxation, to understand the chromophore-protein
interaction role on the energy transfer and the tunning effect on the site energies.
Current work reproduces the excitation energy transfer by the eight BChls within each
monomer of the FMO complex using the HEOM method. First section discusses the Hamiltonian
for the system and HEOM [5]. Second section provides an analysis of coherence and entanglement
achieved in the dynamics. Conclusions discusses an insight about the possible relation between
the parametric effects on the population dynamics and the genetic traits of such complexes.
2. Modelling the quantum dynamics inside a monomer of an FMO complex
Modelling of FMO complexes departs from a Hamiltonian HS reproducing the excitations due
to dipole-dipole interactions among BChls (the system, S). Experimental analysis shows each
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Figure 1. FMO from Prosthecochloris aestuarii. A) Complete structure of the protein trimer,
B) close-up to a single monomer, C) the eight numbered chromophores inside with their dipole
momenta and D) a single BChl a molecule. Figure produced from Protein Data Bank file 3EOJ.
BChl becomes at most excited to the first energy level [6] and only one at the time, then the
Hilbert space is spanned by the excitation state obtained from the tensor product of |0i〉 (ground
state) and |1i〉 (first excited state) for the entire system of N BChls (N = 7, 8 depending on
the considered model): |k〉 ≡ |0102...1k...0N 〉, the occupation basis. While, the protein monomer
where the BChls are embedded works as a scaffold. Since a protein has a large number of
atoms compared to other molecules, vibrational states could be considered on the continuous
regime: a phononic medium (the bath, B) exchanging energy with the set of BChls. The whole
Hamiltonian and the density matrix ρT (S plus B) fulfils the von Neumann-Liouville equation:
HT = HS +Hreloc +HB +HS−B → ρ˙T = − i
h¯
[HT , ρT ] (1)
with : HS =
N∑
i=1
Ei|i〉〈i|+
∑
1≤i,j≤N
Jij(|i〉〈j|+ |j〉〈i|) (2)
Ei and Ji are reported by [7, 8] for N = 7, 8 respectively. Developed by [5] for phononic media
and then applied to FMO by [9], HEOM follows by switching into the interaction picture of
HS−B in order to trace the bath system considering non-markovian considerations. It becomes
in recursive equations considering D previous temporal stages of the bath labeled by a vector n of
degree s = 0, 1, ..., D and N for the BChl considered. There, ρn with n = (0, .., 0) is the density
matrix of the system and other ρn auxiliary ones corresponding to all vectors n = (n1,n2, ...,nN )
with 0 ≤ nk ∈ Z+ ∪ {0} such as
∑N
k=1 nk = s. If k is the Boltzman constant, β = kT and
Vk = |k〉〈k|. ∆k = λk/βh¯2γk (a reorganization term appearing in QOS due to the interaction
with the bath). γi comprises the interaction strengths between the bath and each BChl coming
from a bilinear model of system and bath operators for HS−B. HEOM model is written as:
ρ˙n = − i
h¯
[HS +
N∑
k=1
λkVk, ρn]−
N∑
k=1
nkγkρn − rtrap({V3, ρn}+ {V4, ρn})
+i
N∑
k=1
∆k([Vk, ρnk+ ] + nk([Vk, ρnk− ]− i
βh¯γk
2
{Vk, ρnk−})) (3)
BChls 1, 6 and 8, work as FMO antennas while BChls 3 and 4 drive the energy oscillations to
the RC at the trapping rate, rtrap. If n is a vector of order s, then nk± is the vector of order
s ± 1 obtained from n by increasing (decreasing) its component nk by one. Last model has
been considered for N = 7 to model the FMO complex dynamics [10]. It is computationally
convenient translate this equation to the superoperator-supervector version [11]. Next section
solves numerically HEOM model for N = 8 to simulate the dynamics, then analyzing the
coherence and some global or bipartite entanglement measures among FMO complex BChls.
3. Coherence times and entanglement for the FMO complex
BChls exhibit an increase and holding of quantum coherence, in raw terms, the prevalence of
terms ρij , i 6= j in ρ. A measure based on the minimum distance from any non-coherent state:
Cl1(ρ) = min
σ∈Γ
∑
ij
|ρij − σij | = 2
∑
i<j
|ρij | ∈ [0, d− 1] (4)
the l1−norm [12]. Γ is the set of non-coherent states, with the minimum reached for σdiag =∑
i ρii|φi〉〈φi|. The maximum bound is for |ψ〉 = 1√d
∑d
i=1 |i〉. For the entanglement, we use the
concurrences running from zero (separable) to one (maximally entangled), obtained by partially
tracing ρ except for BChls k, l, ρkl = Tr{kl}(ρ) or BChl k, ρ{k} = Tr{k}(ρ):
C{kl} ≡ C(ρ{kl}) = 2|ρkl| ∈ [0, 1] (5)
C{k} ≡ C(ρ{k}) = 2
√
ρkk(1− ρkk) ∈ [0, 1] (6)
They are respectively interpreted as the entanglement a) among systems k, l [3], and b) between
a system k and the remainder [11]. Note each pair entanglement contributes to Cl1 (4).
Thus, by solving the dynamics for one monomer of the FMO complex using the HEOM
method for N = 8 BChls and D = 3 at room temperature T = 293◦K, we trace the entanglement
measures C{kl}, C{k}, and then the concurrence Cl1(ρ) during the evolution in the interval time
0 − 15 ps. There, the same characteristic parameters are used for all BChls: γk = 50cm−1,
rtrap = 1ps
−1 and two reorganization energy values λk = 35cm−1, 65cm−1 [3] (as HS , in the
spectroscopic units, transformed to cm−1 dividing by 200pih¯c; cm−1 to s−1 with factor 200pic).
Outcomes are reported in the Figure 2 for 0−2 ps, the more meaningful interval for the analysis.
Figures 2a-b exhibits for λk = 35cm
−1 and λk = 65cm−1 respectively, upward, the
entanglement C{kl} by pairs evolving vertically in agreement with the color bar besides. BChl 8
is assumed initially excited. Note the sudden strong entanglement among BChls 1, 2 and 8 which
turn off before 0.5 ps. Together, in the first row, we report C{k} for each BChl. Note a similar
behavior but extended in time, reflecting the entanglement transference to the remaining BChls.
Downward, the Cl1(ρ) coherence reported as the upper contour (cyan), showing its additive
components C{kl} (in cumulative layers) for each BChls pair. The main initial contributions
are due to the pairs (1, 2), (1, 8) and (2, 8). The end is ruled by the coherences among pairs
(3, 4), (4, 7), (2, 6) and (5, 6) in outstanding colors. It is true for both values of λk, despite the
time scale slows for 65cm−1. Note the intermediate dropping of the coherence around t = 0.25ps
deeper for λk = 65cm
−1 setting a landmark for the decoherence times.
4. Conclusions
HEOM method was used to model the dynamic evolution of the eight BChls in one monomer of
the FMO complex at room temperature depicting the boost of long-live coherences via localized
entanglement, first among BChls 1, 2, 8 and then transferred to the remainder BChls conducting
to the final populations in BChls 3 and 4 exiting the energy to the RC. Reorganization energy λk
values suggest an important role in the time scale and the behavior of such coherence phenomena
possibly related with the strains efficiency exhibited in their spectroscopic characterization.
a) λk = 35cm
−1 b) λk = 65cm−1
Figure 2. For a) λk = 35cm
−1 and b) λk = 65cm−1 : Time evolution in 0− 2 ps in the vertical
axis for C{kl} among BChl pairs and C{k} of each BChl with the remainder monomer in color
(up). Cl1(ρ) coherence and each C{kl} cumulative contribution of the pairs by layers (down).
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